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ABSTRACT 
A Fourier-Chebyshev spectral method f o r  t h e  incompressible  Navier-Stokes 
equa t ions  i s  described. It i s  app l i cab le  t o  a v a r i e t y  of problems inc lud ing  
some wi th  f l u i d  p r o p e r t i e s  which vary s t r o n g l y  both i n  t h e  normal d i r e c t i o n  
and i n  t i m e .  I n  t h i s  f u l l y  spectral  algori thm, a precondi t ioned  i t e r a t i v e  
technique i s  used f o r  so lv ing  t h e  i m p l i c i t  equa t ions  a r i s i n g  from s e m i -  
i m p l i c i t  t r ea tmen t  of pressure ,  mean advec t ion  and v e r t i c a l  d i f f u s i o n  terms. 
The a lgo r i thm i s  t e s t e d  by applying i t  t o  hydrodynamic s t a b i l i t y  problems i n  
channel  f low and i n  e x t e r n a l  boundary l a y e r s  w i t h  bo th  cons t an t  and v a r i a b l e  
v i scos i ty .  
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INTRODUCTION 
Fourier-Chebyshev s p e c t r a l  methods have been employed i n  a number of 
numerical  s imula t ions  of s t a b i l i t y  and t r a n s i t i o n  i n  three-dimensional  w a l l -  
bounded s h e a r  flows. S p e c i f i c  a l g o r i t h s  have been developed f o r  s t r a i g h t  
channels ( [ l ] ,  [2], [31), curved channels [ 4 ] ,  t h e  p a r a l l e l  boundary l a y e r  
151, c y l i n d r i c a l  Couet te  flow 161 and pipe flow [5]. I n  a l l  of t h e s e  methods 
Chebyshev expansions are employed i n  the d i r e c t i o n  normal t o  t h e  w a l l s  and 
F o u r i e r  methods are used i n  t h e  remaining two d i r e c t i o n s .  Hence t h e s e  methods 
are a p p l i c a b l e  whenever p e r i o d i c  boundary cond i t ions  are a p p r o p r i a t e  i n  two 
d i r e c t i o n s .  
These methods usua l ly  handle  t h e  pressure  and v e r t i c a l  d i f f u s i o n  terms 
i m p l i c i t l y ,  t h e  p re s su re  term so that  t h e  incompress ib i l i t y  cond i t ion  i s  
enforced  and t h e  v e r t i c a l  d i f f u s i o n  term i n  o r d e r  t o  r e l a x  t h e  d i f f u s i v e  t i m e -  
s t e p  l i m i t a t i o n .  (The only except ion  i s  t h e  method [ 4 ]  which e l i m i n a t e s  t h e  
p r e s s u r e  by a c l e v e r  choice  of divergence-free v e l o c i t y  expansion func t ions . )  
Algorithms which employ t i m e - s p l i t t i n g  ([l], [5]) can achieve  a r e l a x a t i o n  of 
t h e  advec t ive  t ime-step l i m i t  by a semi- impl ic i t  t rea tment  of t h e  streamwise 
advect ion.  These i m p l i c i t  equa t ions  are so lved  by a d i r e c t  method f o r  which 
t h e  e f f i c i e n c y  depends upon s i m p l e  mean v e l o c i t y  p r o f i l e s  and cons t an t  
v i s c o s i t y .  However, t h e r e  are s i t u a t i o n s  i n  which t i m e - s p l i t t i n g  e r r o r s  are a 
s e r i o u s  problem [ 6 ] .  
I f  t h e  s p e c t r a l  d i s c r e t i z a t i o n  i n  t h e  normal d i r e c t i o n  i s  rep laced  w i t h  a 
f i n i t e  d i f f e r e n c e  method, then t h e  d i r e c t  s o l u t i o n  of t h e  i m p l i c i t  equa t ions  
can  be performed e f f i c i e n t l y  f o r  mean flow p r o f i l e s  and v i s c o s i t i e s  w i t h  an 
a r b i t r a r y  dependence upon both t h e  normal coord ina te  and t i m e .  Such Four ie r -  
f i n i t e  d i f f e r e n c e  codes have been u t i l i z e d  both  f o r  channel f low [7] and f o r  
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t h e  p a r a l l e l  boundary l a y e r  [81. The p r i c e  f o r  t h i s  e x t r a  f l e x i b i l i t y ,  
however, i s  g r e a t l y  reduced accuracy i n  t h e  normal d i r e c t i o n .  
The con t r ibu t ion  of t h e  p re sen t  p a p e r  is  t h e  d e s c r i p t i o n  of a Fourier-  
Chebyshev a l g o r i t h  f o r  wall-bounded s h e a r  f lows which combines t h e  accuracy 
and e f f i c i e n c y  of a f u l l y  s p e c t r a l  scheme wi th  t h e  f l e x i b i l i t y  of a Fourier-  
f i n i t e  d i f f e r e n c e  method. The key f e a t u r e  of t h i s  a lgor i thm i s  a precondi- 
t ioned  i t e r a t i v e  technique f o r  so lv ing  t h e  i m p l i c i t  equa t ions  a r i s i n g  from t h e  
semi- implici t  t rea tment  of t h e  p re s su re ,  mean flow and v e r t i c a l  d i f f u s i o n  
terms. This a lgor i thm i s  a p p l i c a b l e  t o  most of t he  cases  descr ibed  above-- 
channel  flow, p a r a l l e l  boundary l a y e r s ,  curved channel  f low and c y l i n d r i c a l  
Couette flow. Re la t ive ly  minor modi f ica t ions  are r equ i r ed  t o  t reat  t h e  
d i f f e r e n t  cases .  I l l u s t r a t i o n s  w i l l  be provided he re  f o r  s t r a i g h t  channel 
f low and f o r  pa ra l l e l  boundary layer flow wi th  cons tan t  and v a r i a b l e  
v i s c o s i t y .  The d i s c u s s i o n  w i l l  be r e s t r i c t e d  t o  two-dimensional flow. The 
a d d i t i o n  of a second p e r i o d i c  d i r e c t i o n  is  s t r a igh t fo rward .  
2. DISCRETIZED NAVIEA-STOKES EQUATIONS FOR CHANNEL FLOW 
The r o t a t i o n  form of t h e  two-dimensional incompress ib le  Navier-Stokes 
equa t ions  i s  
u - v(vx - u 1 + Px = (uux)x + (Puy)y 
v + u(vx - u 1 + p - (PVXlX + (Pvy)y 
t Y 
t Y Y 
u + v  I O ,  
X Y  
( 2 . 3 )  
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where t h e  v a r i a b l e  P denotes the  t o t a l  p r e s s u r e  and s u b s c r i p t s  denote  
p a r t i a l  d e r i v a t i v e s .  The v i s c o s i t y  I.I i s  presumed t o  depend upon y and t 
only and t h e  d e n s i t y  i s  taken t o  be un i ty .  P e r i o d i c  boundary c o n d i t i o n s  i n  
x and no-sl ip  boundary cond i t ions  a t  y = *1 a r e  assumed. 
The s p a t i a l  d i s c r e t i z a t i o n  of Equations (2.1) - (2 .3 )  employs s p e c t r a l  
c o l l o c a t i o n .  The c o l l o c a t i o n  p o i n t s  a r e  
x = j Lx/K j = O , l , * * * , K - l  
j (2.4) 
where & i s  t h e  p e r i o d i c i t y  l e n g t h  i n  t h e  streamwise d i r e c t i o n ,  and K and 
N are t h e  number of i n t e r v a l s  i n  t h e  x and y d i r e c t i o n s ,  r e s p e c t i v e l y .  
The dependent v a r i a b l e s  have Fourier-Chebyshev series of t h e  form 
where Tn i s  t h e  Chebyshev polynomial of deg ree  n. I n  t h e  s p e c t r a l  col loca-  
t i o n  method, s p a t i a l  d e r i v a t i v e s  of u are ob ta ined  by d i f f e r e n t i a t i n g  t h e  
series expansion w i t h  t h e  expansion c o e f f i c i e n t s  u ( t )  determined by 
d i s c r e t e  Four i e r  and Chebyshev transforms of t h e  g r i d  po in t  va lues  of U. The 
d e t a i l s  of t h i s  procedure can be found i n  [ 9 ]  and [ l o ] .  I n  t h e  temporal 
d i s c r e t i z a t i o n ,  t h e  p r e s s u r e  g rad ien t  term and t h e  i n c o m p r e s s i b i l i t y  
c o n s t r a i n t  are b e s t  handled i m p l i c i t l y .  So, too,  are t h e  t h e  v e r t i c a l  
d i f f u s i o n  terms because of t h e  f i n e  mesh-spacing nea r  t h e  wa l l .  The v a r i a b l e  
v i s c o s i t y  p reven t s  t h e  s t anda rd  Poisson equa t ion  f o r  t h e  p r e s s u r e  from 
kn 
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decoupl ing from t h e  v e l o c i t i e s  i n  t h e  d i f f u s i o n  term. A simple t i m e  
d i s c r e t i z a t i o n  u s e s  Crank-Nicholson on t h e  i m p l i c i t  terms and second-order 
Adams-Bashforth on t h e  remainder. After a d i s c r e t e  Four ie r  t ransform i n  x, 
t h e  fo l lowing  se t  of o rd ina ry  d i f f e r e n t i a l  equa t ions  and boundary cond i t ions  
r e s u l t  
and 
- iku - v An+1 = 0, 
Y 
A A t  A 
2 'At , Q = - P, i = 4-1, and h a t s  denote  Four i e r  k = 2nk/Lx, B = + - where 
transformed v a r i a b l e s  i n  wavenunber space.  The wavenumber i s  denoted by k 
and t h e  dependence of u ,  v,  and Q upon k has  been suppressed.  The 
2 
A 
A A 
A I  
s u p e r s c r i p t  n r e p r e s e n t s  t h e  t i m e  l e v e l .  H1 and H2, which con ta in  t h e  
tenus t r e a t e d  e x p l i c i t l y ,  are  g i v e n  by 
(2.11) 
(2.12) 
The l a s t  term in Eq. (2.11) i s  t h e  mean streamwise p res su re  g r a d i e n t  which 
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d r i v e s  t h e  channel  flow. A l l  of t h e s e  d e r i v a t i v e s  are eva lua ted  by s p e c t r a l  
co l loca t ion .  A semi- implici t  t r ea tmen t  of t h e  mean s t r eanwise  advec t ion  term 
i s  e a s i l y  incorpora ted .  For example, the  le f t -hand  s i d e  of Eq. (2.7) has  t h e  
a d d i t i v e  term 
. A t  *n+l.  i k  2 u 0  u , 
i n  a d d i t i o n ,  uo ux appears i n  Eq. (2.11).  
A 
For  e a c h  wavenunber k ,  t h e  system of Eqs. (2.7) - (2.9) can  be w r i t t e n  as  
L U = F ,  (2.13) 
^n+l ^n+l  "n+l where U = ( u  , v , Q ) and F i s  t h e  known right-hand s ide .  The 
ma t r ix  L i s  a f u l l  MxM matrix where M 2 3 N .  A d i r e c t  s o l u t i o n  of (2.13) 
by Gauss e l i m i n a t i o n  methods would r e q u i r e  O(M2) s t o r a g e  and O(M3) 
a r i t h e t i c  ope ra t ions .  An i t e r a t i v e  s o l u t i o n ,  on t h e  o t h e r  hand r e q u i r e s  only 
O(M) s t o r a g e  and O(M l o g  M) opera t ions  p e r  i t e r a t i o n .  The d e s c r i p t i o n  of 
a n  e f f e c t i v e  i t e r a t i v e  scheme w i l l  be provided i n  t h e  next  s ec t ion .  The u s e  
of t h e  v a r i a b l e  Q i n  p l a c e  of P pu t s  L i n t o  a n e a r l y  s e l f - a d j o i n t  form. 
A A 
A t  t h i s  p o i n t  some remarks p e r t i n e n t  t o  o u r  s e l e c t i o n  of t h i s  scheme are 
i n  order .  Our g o a l  was t o  develop a s i n g l e ,  f u l l y  s p e c t r a l  a lgo r i thm which i s  
a p p l i c a b l e  t o  a broad c lass  of problems. Many i n t e r e s t i n g  phenomena invo lve  a 
s t r o n g  v a r i a t i o n  of t h e  v i s c o s i t y ,  t h e  mean advec t ion ,  and/or  t h e  geometr ic  
terms i n  t h e  d i r e c t i o n  normal t o  t h e  wal l  ( o r  wa l l s )  and poss ib ly  a l s o  i n  
time. (A number of three-dimensional c a l c u l a t i o n s  employing t h e  p r e s e n t  
a l g o r i t h n  on  such  problems are i n  progress  and w i l l  be r epor t ed  elsewhere.)  
I n  many of t h e s e  problems semi-implicit  t rea tment  of t h e  normal d i f f u s i o n  
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and/or  the mean streamwise advec t ion  are d e s i r a b l e .  The obse rva t ions  of 
Marcus [ 6 ]  about  t h e  p i t f a l l s  of t i m e - s p l i t t i n g  i n  some problems i s  a s t r o n g  
argument i n  f avor  of an  un - sp l i t  method f o r  a g e n e r a l  purpose algori thm. A 
Chebyshev t a u  method i n  t h e  normal d i r e c t i o n  i s  ru l ed  ou t  i n  favor  of 
Chebyshev c o l l o c a t i o n  i n  a l l  but t h e  s i m p l e s t  cases. The v a r i a b l e  v i s c o s i t y  
and mean advec t ion  prevent  t h e  v e l o c i t y  and p res su re  equat ions  from de- 
coupl ing a s  i n  t h e  in f luence  mat r ix  methods ( [ 3 ] ,  ( [ 6 ] ) .  The matrix 
d i a g o n a l i z a t i o n  technique  f o r  s o l v i n g  Eq. (2.13) i s  no t  p r a c t i c a l  because t h e  
mat r ix  L may depend upon t i m e .  These cons ide ra t ions  have l e d  us  t o  develop 
a n  i t e r a t i v e  technique  f o r  s o l v i n g  t h e  c o l l o c a t i o n  equat ions .  
3. SPECTRAI. SOLUTION WITH FINITE DIFFERENCE PRECONDITIONING 
The key t o  the  e f f i c i e n c y  of an i t e r a t i v e  method f o r  t h e  s o l u t i o n  of Eq. 
(2.13) i s  t h e  u s e  of an  e f f e c t i v e  p recond i t ion ing  ma t r ix  s o  t h a t  t h e  number of 
i t e r a t i o n s  i s  small. The reason i s  t h a t  t h e  cond i t ion  number of t h e  matrix 
L i s  large. Consequently,  s t anda rd  i t e r a t i v e  techniques  would be slow. But 
l e t  H be some precondi t ion ing  mat r ix  f o r  L, i.e., t h e  i t e r a t i v e  scheme i s ,  
i n  e f f e c t ,  a p p l i e d  t o  t h e  equa t ion  
H-l L U = H-l F. 
The d e s i r a b l e  p r o p e r t i e s  of t h e  p recond i t ion ing  matrix are  t h a t  t h e  c o n d i t i o n  
number of H-l L be small and t h a t  equa t ions  such as 
H U = G  
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can be so lved  cheaply f o r  U ( r e l a t i v e  t o  t h e  e v a l u a t i o n  of LU). The f i r s t  
p rope r ty  i m p l i e s  t h a t  only a small number of i t e r a t i o n s  are  r equ i r ed  and t h e  
second proper ty  i m p l i e s  t h a t  a s i n g l e  precondi t ioned i t e r a t i o n  c o s t s  roughly 
t h e  same as a s i n g l e  un-preconditioned i t e r a t i o n .  We base our  choice  of H 
on Orszag’s sugges t ion  [ l l ]  t h a t  a f i n i t e  d i f f e r e n c e  approximation t o  t h e  
d i f f e r e n t i a l  equa t ion  be used. The i n t e r e s t i n g  p h y s i c a l  problems have high 
Reynolds number, i .e.,  low v i s c o s i t y .  Thus, t h e  f i r s t  d e r i v a t i v e  terms i n  Eqs. 
(2-7) - (2-9) predominate. Therefore ,  t he  e f f e c t i v e  p recond i t ion ing  of them 
is  c r u c i a l .  
To i l l u s t r a t e  t h e  d i f f i c u l t y  w i t h  f i r s t  d e r i v a t i v e  terms and t o  assess 
va r ious  remedies w e  cons ider  t h e  model s c a l a r  problem 
u = f  
X 
on [0,2n] wi th  p e r i o d i c  boundary condi t ions.  The a p p r o p r i a t e  spectral  
method u s e s  F o u r i e r  co l loca t ion .  The e igen func t ions  of t h e  d i s c r e t e  spectral  
ope ra to r  L and of t h e  f i n i t e  d i f f e r e n c e  ope ra to r  H are t h e  exponen t i a l s  
where k i s  t h e  wavenumber and xj i s  a F o u r i e r  c o l l o c a t i o n  p o i n t  as g iven  
by Eq. (2 .4 ) .  Four p o s s i b i l i t i e s  f o r  t h e  f i n i t e  d i f f e r e n c e  o p e r a t o r  are 
considered he re :  c e n t r a l  d i f f e r e n c e s ,  c e n t r a l  d i f f e r e n c e s  wi th  a h igh  mode 
c u t o f f ,  one-sided d i f f e r e n c e s  and the  u s e  of a s taggered  mesh. The 
e igenvalues  of t h e s e  precondi t ioned mat r ices ,  H L, f o r  t h e  model scalar 
problem are g iven  i n  Table I f o r  a l l  four  p o s s i b i l i t i e s .  The term kAx i s  
-1 
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t h e  product of t he  wavenumber k and t h e  g r i d  spac ing  Ax. It f a l l s  i n  t h e  
range 0 < kAx < 2 r .  The e igenvalues  f o r  t h e  centered  d i f f e r e n c e s  
kAx/sin kAx, a re  unbounded as kAx > r. Thus, pure c e n t r a l  d i f f e r e n c e  
precondi t ion ing  y i e l d s  a l a r g e  cond i t ion  number f o r  Orszag [ l l ]  noted 
t h a t  t r u n c a t i n g  t h e  h igh  modes l i m i t s  t h e  e igenvalues .  Table  I i n d i c a t e s  t h a t  
t h i s  does produce a bounded spectrum; t h e  pr ice  i s  t h a t  some high wavenumber 
informat ion  i s  l o s t .  Another c u r e  i s  t o  u s e  one-sided (forward o r  backward) 
d i f f e r e n c e s  f o r  t h e  f i r s t  d e r i v a t i v e  terms. For t h e  model problem, i t  r e s u l t s  
i n  bounded but  complex e igenvalues  w i t h  rea l  p a r t s  t ending  t o  zero. Many 
i t e r a t i v e  schemes perform badly on such problems. For t h e  s taggered  mesh t h e  
e igenvalues  of t h e  precondi t ioned  m a t r i x  f o r  t h e  model problem remain bounded 
and real ,  wi th  no l o s s  of h igh  wavenumber information.  
H-l L. 
These model problem r e s u l t s  l e d  u s  t o  cons ide r  a s t agge red  mesh f o r  t h e  
Navier-Stokes equat ions .  The s taggered  mesh which i s  appropr i a t e  f o r  t h e  
Four ie rChebyshev  d i s c r e t i z a t i o n  i s  s t agge red  only i n  t h e  y d i r e c t i o n .  The 
v e l o c i t i e s  are def ined  a t  t he  c e l l  f a c e s  ym, as given by Eq. (2.5), and t h e  
p r e s s u r e  i s  de f ined  a t  t h e  c e l l  c e n t e r s  
m = 1,*** ,N. ( 3 . 2 )  
The momentun equat ions  are enforced  a t  t h e  f a c e s ,  whereas t h e  c o n t i n u i t y  
equat ions  a r e  enforced a t  t h e  c e n t e r s .  The v e l o c i t y  boundary cond i t ions  are 
en fo rced  a t  t h e  two w a l l s .  Note t h a t  t h e r e  i s  no need f o r  an  a r t i f i c i a l  
p re s su re  boundary cond i t ion  a t  t h e  walls.  
The s taggered mesh a s s i g n s  one less v e r t i c a l  degree of freedom t o  t h e  
p r e s s u r e  than t o  the  v e l o c i t i e s .  This i s  common p r a c t i c e  i n  f i n i t e  element 
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techniques f o r  t h e  Navier-Stokes equat ions ( s e e ,  f o r  example, [ 1 2 ] ) .  Huberson 
and Morchoisne [ 131 have r e c e n t l y  proposed a f i l t e r i n g  procedure f o r  spectral  
s o l u t i o n s  of t h e  incompressible  Navier-Stokes equa t ions  on a non-staggered 
mesh. It h a s  t h e  e f f ec t  of removing one v e r t i c a l  degree of freedom from t h e  
pressure.  
L e t  u s  now examine some of t h e  mechanics invo lved  i n  employing a s t agge red  
mesh f o r  Eqs. (2.7) - (2.9). Focus f i r s t  on t h e  spectral  e v a l u a t i o n  of t h e  
v a r i o u s  terms. The e x p l i c i t  terms, denoted by H1 and H2, are e v a l u a t e d  i n  
a s t r a i g h t f o r w a r d  manner s i n c e  they are r equ i r ed  a t  t h e  f a c e s  and invo lve  only 
t h e  v e l o c i t i e s .  The same holds  f o r  t h e  remaining v e l o c i t y  terms i n  t h e  
momentum equat ions.  The only complication h e r e  i s  t h e  two terms invo lv ing  t h e  
pressure.  From t h e  v a l u e s  of Q a t  t h e  c e n t e r s ,  t r i gonomet r i c  i n t e r p o l a t i o n  
can be used t o  o b t a i n  Q a t  t h e  faces .  F i r s t ,  u se  t h e  c e n t e r  values  t o  
o b t a i n  t h e  Chebyshev c o e f f i c i e n t s  
( 3 . 3 )  
A 
f o r  n = O , l , * * * , N - l ,  where t h e  dependence upon k and t h a s  been 
suppressed. Then set QN = 0 and compute t h e  va lues  of Q a t  t h e  f a c e s  
A A 
Tmn N 
n= 0 
Q(Ym)  = 1 g cos  - N m = 0 , 1 , * * * , N .  ( 3 . 4 )  
Both of t h e s e  sums may be computed by f a s t  c o s i n e  transforms. This t a k e s  care 
t e r m  i n  Eq. (2.8) may be of t h e  p r e s s u r e  term i n  Eq. (2.7). The 
eva lua ted  from t h e  va lues  of Q a t  t h e  f a c e s  i n  a s t anda rd  f a sh ion .  For t h e  
A 
QY 
A 
c o n t i n u i t y  equa t ion  one f i r s t  e v a l u a t e s  
10 
A A -  A 
Y 
r = i k u  + v  
a t  t h e  c e l l  f a c e s  i n  t h e  s tandard  manner and then  i n t e r p o l a t e s  t h i s  r e s u l t  t o  
t h e  c e l l  c e n t e r s ,  v i a  
f o r  n = 0 ,1 ,*** ,N  where 
2 
1 n 
n = O  o r  N 
1 <  n <  N-1 
9 
and 
m = 1 , * * *  ,N. (3.7) 
The f i n i t e  d i f f e r e n c e  o p e r a t o r  H p e r t a i n s  only t o  t h e  le f t -hand  s i d e  of 
Eqs. (2.7) - (2.9). The second d e r i v a t i v e  of t h e  v e l o c i t i e s  i s  evalua ted  by 
3-point cen tered  d i f f e r e n c e s  of t h e  va lues  a t  t h e  f a c e s ,  u s ing  t h e  formula 
a p p r o p r i a t e  f o r  t h e  non-uniform g r i d ,  e.g., 
A A A A 
The p res su re  term i n  t h e  u momentum e q u a t i o n  i s  approximated by a l i n e a r  
average  of  t h e  ad jacen t  ce l l - cen te red  p r e s s u r e  va lues .  The v e r t i c a l  p r e s s u r e  
g r a d i e n t  term i n  t h e  v momentum equa t ion  i s  approximated by 2-point 
d i f f e r e n c e s  of t h e  a d j a c e n t  ce l l - cen te red  p r e s s u r e  values .  The streamwise 
11 
v e l o c i t y  i n  t h e  c o n t i n u i t y  equa t ion  i s  taken as t h e  l i n e a r  average of t h e  
v e l o c i t y  v a l u e s  a t  a d j a c e n t  c e l l  f a c e s  and t h e  v e r t i c a l  d e r v i a t i v e  of v u s e s  
A 
2-point d i f f e r e n c e s  of t h e  ad jacen t  c e l l  faces values .  
Order t h e  unknowns as 
and o r d e r  t h e  equa t ions  as 
c o n t i n u i t y  a t  y1/2 
v momentum a t  y1 
u momentum a t  y l  
c o n t i n u i t y  a t  ~ ~ - 3 / 2  
v momentum at yN-l  
u momentum a t  Y N - ~  
u BC a t  YN 
v BC a t  YN 
c o n t i n u i t y  a t  yN-l/2* 
T h i s  r e q u i r e s  t h e  v e l o c i t y  boundary cond i t ions  a t  t o  be absorbed i n t o  t h e  
matrix.  This  o r d e r i n g  produces a block t r i d i a g o n a l  s t r u c t u r e  f o r  H t h a t  can 
e v i d e n t l y  be so lved  wi thou t  p i v o t i n g  w i t h i n  t h e  d i agona l  block. (We have no 
proof f o r  t h i s  claim, but we have made numerous checks. I n  a l l  cases t h e  
s o l u t i o n  w i t h o u t  p i v o t i n g  produced resul ts  t h a t  agreed w i t h  s o l u t i o n s  w i t h  
p i v o t i n g  t o  a t  least  8 d i g i t s . )  
yo 
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A 
For k = 0 t h e  s t r u c t u r e  i s  even s impler .  The v e l o c i t y  j i s  cons t an t  
A 
i n  y ,  t h e  v e l o c i t y  u s a t i s f i e s  a t r i d i a g o n a l  equat ion ,  and t h e  p r e s s u r e  
Q 
G Y  1/2) = 0 and then  s o l v i n g  f o r  each  success ive  va lue  of pressure .  
p a r t i c u l a r  choice  of Q(yl i2)  
mean l e v e l  of pressure .  
A 
s a t i s f i e s  a b id i agona l  equat ion.  'Ihe l a t t e r  i s  so lved  by s e t t i n g  
This  
i s  a r b i t r a r y  and corresponds t o  s p e c i f y i n g  t h e  
A 
We have computed e igenvalues  of H-l L n o t  only f o r  t h e  s t agge red  g r i d  
method but a l s o  f o r  t he  same t h r e e  a l t e r n a t i v e s  t h a t  were d iscussed  f o r  t h e  
model problem. I n  t h e s e  cases t h e  p r e s s u r e  i s  de f ined  a t  t h e  c e l l  f a c e s  and 
t h e  c o n t i n u i t y  equat ion  i s  enforced a t  t h e  c e l l  f aces .  This ve r s ion  r e q u i r e s  
numerical  boundary cond i t ions  f o r  t h e  p r e s s u r e  a t  t h e  walls. The c o n t i n u i t y  
equa t ion  and t h e  v e r t i c a l  momentum equa t ion  y i e l d  
A A A  
P = -ik(pu)y. 
Y 
The f i n i t e  d i f f e r e n c e  approximation uses  one-sided d i f f e r e n c e s  and t h e  
m a t r i x  H i s  s t i l l  block t r i d i a g o n a l .  
-1 The eigenvalues  of t h e  precondi t ioned  m a t r i x  H L f o r  t h e  Navier-Stokes 
equat ions  a r e  d isp layed  i n  F igures  1 and 2 f o r  two wavenumbers and f o r  f o u r  
d i f f e r e n t  d i s c r e t i z a t i o n s  of t h e  f i r s t  d e r i v a t i v e  terms. The c a l c u l a t i o n s  
were made f o r  a K = 32, N = 16 g r i d ,  w i t h  p = (7500)'l and a streamwise 
CFL number of 0.1. 
A 
The r e s u l t s  f o r  k = 1 are  p a r t i c u l a r l y  i n t e r e s t i n g .  When c e n t r a l  
d i f f e r e n c e s  f o r  t h e  f i r s t  d e r i v a t i v e  terms are  used, t h e r e  a re  s e v e r a l  complex 
e igenvalues  wi th  l a r g e  rea l  p a r t s .  
1.0 < X < 4.5. As N i n c r e a s e s ,  bo th  t h e  real and imaginary p a r t s  of t h e  
The remaining e igenvalues  are real  w i t h  
1 3  
e igenvalues  grow. (The l a r g e s t  e igenvalues  f o r  N = 24 and 32 are 12.3 h i  
4.5 and 16.5 *i 6.4 r e s p e c t i v e l y . )  When t h e  upper  one- th i rd  of t h e  Chebyshev 
modes are cu t  of f  i n  t h e  f i r s t  d e r i v a t i v e  r e p r e s e n t a t i o n  t h e  spectrum i s  
appa ren t ly  bounded from above. However, t h e r e  are  now a number of complex 
e igenvalues  wi th  small real parts. One-sided f i r s t  d i f f e r e n c e s  y i e l d  mainly 
complex e igenvalues  i n c l u d i n g  some w i t h  very s m a l l  p o s i t i v e  rea l  p a r t s .  When 
t h e  mesh is  s t agge red ,  a l l  t h e  eigenvalues  f o r  k = 1 l i e  c l o s e  t o  t h e  real  
A 
axis between 1 and a/2  2 1.57. 
The e igenvalue  s p e c t r a  are only s l i g h t l y  d i f f e r e n t  a t  h ighe r  wavenumbers, 
as i l l u s t r a t e d  i n  Figure 2 f o r  k = 10. Although t h e r e  are some complex 
A 
e igenvalues  f o r  t h e  s taggered  mesh, they are reasonably well-confined. 
S i m i l a r  e igenvalue  c a l c u l a t i o n s  have been performed f o r  t h e  s t agge red  g r i d  
a lgo r i thm f o r  N = 24 and N = 32. The real  p a r t s  are s t i l l  confined 
between 1 and n/2 and t h e  magnitudes of  t h e  imaginary p a r t s  dec rease  as  
N i n c r e a s e s .  
Note t h a t  t h e  model problem es t ima tes  t h e  e igenva lue  t r e n d s  s u r p r i s i n g l y  
w e l l  cons ide r ing  t h a t  i t  i s  j u s t  a s c a l a r  equa t ion ,  has  only f i r s t  d e r i v a t i v e  
terms, and u s e s  F o u r i e r  series r a t h e r  than  Chebyshev polynomials. 
The preceding r e s u l t s  i n d i c a t e  that  t h e  s taggered  g r i d  l e a d s  t o  t h e  most 
e f f e c t i v e  t rea tment  of t h e  f i r s t  d e r i v a t i v e  terms. The cond i t ion  number of 
t h e  precondi t ioned  system i s  reasonably small and f u l l  r e s o l u t i o n  i s  r e t a ined .  
However, t h e  i t e r a t i v e  scheme used f o r  s o l v i n g  Eqs. (2.7) - (2.9) must be 
capable  of d e a l i n g  wi th  t h e  complex eigenvalues .  Two types  of i t e r a t i v e  
schemes are f e a s i b l e .  Chebyshev i t e r a t i o n  [14] w i l l  converge because t h e  real  
p a r t s  of t h e  e igenvalues  are g r e a t e r  than 1. However, t h i s  method con ta ins  
parameters  t h a t  depend upon t h e  l o c a t i o n  of t h e  e igenvalues  i n  t h e  complex 
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plane. A l t e rna t ive ly ,  a parameter-free v a r i a t i o n a l  method [15] such as t h e  
minimum r e s i d u a l  (MR) method w i l l  work provided t h a t  t h e  Hermit ian p a r t  of 
LH-l i s  p o s i t i v e  d e f i n i t e .  This cond i t ion  is s a t i s f i e d  f o r  a l l  t h e  cases 
d i scussed  i n  t h i s  paper .  
The precondi t ioned v e r s i o n  of MR f o r  E q .  (2 .13 )  i nvo lves  making a n  i n i t i a l  
guess Uo,  computing t h e  i n i t i a l  r e s i d u a l  
Ro = F - LUo, 
s o l v i n g  
0 HZo = R 
and then  i t e r a t i n g  accord ing  t o  
(LZ', R') a =  
(LZ',LZ') 
uR+l = U' + aR z R 
RR+l  = RR -aR LZ R 
( 3 . 9 )  
(3 .10 )  
( 3 . 1 1 )  
( 3 . 1 2 )  
Hz R+1 - RR+l ( 3 . 1 3 )  
u n t i l  convergence. The parameter  a i n  E q .  (3 .10 )  i s  chosen so  t h a t  t h e  
r e s i d u a l  i n  Eq. (3.12) i s  as small as p o s s i b l e  c o n s i s t e n t  w i th  t h e  
p r e s c r i p t i o n  ( 3 . 1 1 ) .  Representa t ive  convergence h i s t o r i e s  f o r  t h e  MR method 
are  s h a m  i n  F igure  3 where t h e  norm of t h e  r e s i d u a l  i s  p l o t t e d  a g a i n s t  a 
R 
L1 
15 
number of i t e r a t i o n s  f o r  N = 16, 32, and 64. A t  a Reynolds number of 7500, 
e a c h  i t e r a t i o n  i s  found t o  reduce t h e  r e s i d u a l  by almost  a n  o r d e r  of  magnitude 
and t h e r e  i s  a t r e n d  of f a s t e r  convergence wi th  i n c r e a s i n g  N which may be 
p a r t l y  a t t r i b u t e d  t o  t h e  h ighe r  reso lu t ion .  The p h y s i c a l  r e s u l t s  t o  be 
presented  i n  Figure 5 and Table I11 become i n s e n s i t i v e  when t h e  norm i s  
smaller t h a n  
L1 
4. EVOLUTION OF SMALL DISTURBANCES I N  CHANNEL FLOW 
In o r d e r  t o  t es t  t h e  a lgor i thm proposed f o r  Navier-Stokes equa t ions ,  w e  
s tudy t h e  problem of t h e  e v o l u t i o n  of small d i s tu rbances  i n  channel  flow. 
This problem has  been s t u d i e d  ex tens ive ly  us ing  t h e  Orr-Sommerfeld equat ion.  
When t h e  ampli tude of t h e  d is turbances  imposed upon t h e  mean ( t i m e  
independent)  channel f low u(y) = (1 - y2) i s  s m a l l ,  t hen  t h e  numerical  
s o l u t i o n  of t h e  Navier-Stokes equa t ion  should be t h e  same as  t h a t  implied by 
t h e  Orr-Sommerfeld s o l u t i o n .  This l i n e a r  s o l u t i o n  has  t h e  form 
(4.2) 
i ( a x - u t )  
v ( x , y , t >  = --E: Re{iaJ,(y)e 1 9  
where J, i s  t h e  e igen func t ion  normalized t o  a maximum v a l u e  of 1, w i s  t h e  
complex frequency (wi th  t h e  l a r g e s t  imaginary p a r t ) ,  a i s  t h e  p re sc r ibed  
wavenumber, and E i s  t h e  p e r t u r b a t i o n  amplitude.  
The p e r t u r b a t i o n  flow energy E ( t )  is  
16 
where L = 2r / a .  Choose i n i t i a l  cond i t ions  from Eqs .  (4.1) and (4.2) w i t h  
t = 0 and l e t  Eo  = E(0). For small  ampl i tudes  E ( t ) / E o  = e . 
X 
2wit 
The p a r t i c u l a r  problem chosen f o r  s tudy  had l~ = (7500)-l and a = 1. The 
only  uns t ab le  mode has  o = 0.24989154 + i.00223498. The ampli tude parameter  
was E = .0001. Two d i f f e r e n t  d i s c r e t i z a t i o n s  i n  y were used: (1)  
Chebyshev c o l l o c a t i o n  and (2)  f i n i t e  d i f f e r e n c e s .  Both methods used a F o u r i e r  
co l loca t ion  method i n  X. The F o u r i e r - f i n i t e  d i f f e r e n c e  method used a 
s t agge red  mesh, w i t h  t h e  c e l l  c e n t e r s  g iven  by Eq. (3.2) and t h e  c e l l  f a c e s  
loca t ed  midway between t h e  neighboring ce l l  cen te r s .  This method i s  j u s t  t h a t  
of  Moin and K i m  [7], a p p l i e d  t o  a d i r e c t  s imula t ion .  Only f o u r  c o l l o c a t i o n  
p o i n t s  were used i n  t h e  x -d i r ec t ion .  For t h i s  b a s i c a l l y  l i n e a r  test problem, 
t h e  x-d i rec t ion  h a s  e s s e n t i a l l y  p e r f e c t  r e so lu t ion .  The t i m e  s t e p  w a s  small 
enough s o  t h a t  t h e  v e r t i c a l  d i s c r e t i z a t i o n  e r r o r s  were predominant i n  a l l  but  
t h e  most highly reso lved  cases. 
The bas i c  comparison of t h e  v e r t i c a l  d i s c r e t i z a t i o n s  i s  provided i n  
Figures  4 and 5,  where t h e  n a t u r a l  logar i thm of t h e  p e r t u r b a t i o n  energy r a t i o  
i s  p lo t ted .  The s o l i d  l i n e  i n  t h e  f i g u r e s  r e p r e s e n t s  t h e  l i n e a r  s t a b i l i t y  
r e s u l t .  The f i n i t e  d i f f e r e n c e  s o l u t i o n  i s  p l o t t e d  i n  Figure 4 f o r  s e v e r a l  
v e r t i c a l  g r id s .  Even t h e  N = 256 r e s u l t s  are apprec iab ly  i n  e r r o r .  
The Fourier-Chebyshev r e s u l t s  are presented  i n  Figure 5. The r e s u l t s  f o r  
t h e  N = 32 g r i d  are  a l r eady  i n  e x c e l l e n t  agreement w i t h  t h e  l i n e a r  theory  
r e s u l t s .  The numerical  r e s u l t s  f o r  N = 16 are  w i l d l y  inaccura t e .  This is  i n  
c o n t r a s t  with t h e  f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s  where Rn E/EO a t  least  
v a r i e s  l i n e a r l y  wi th  time f o r  var ious  g r i d s .  This behavior  i s  t y p i c a l  of 
spec t ra l  methods i n  general :  i f  t h e  r e s o l u t i o n  i s  inadequate ,  say  worse than  
20%, then  t h e  s p e c t r a l  r e s u l t s  are i n f e r i o r  t o  f i n i t e  d i f f e r e n c e  r e s u l t s ;  
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however, once t h e  10% accuracy l e v e l  i s  achieved,  spectral  r e s u l t s  become 
d rama t i ca l ly  super ior .  
I n  t h e  above c a l c u l a t i o n s ,  a l l  runs  were te rmina ted  a t  t / tO = 2 where 
t o  i s  t h e  t i m e  r equ i r ed  f o r  t h e  wave t o  propagate  through t h e  streamwise 
computat ional  domain. I n  t h i s  case, to = 25.1438. The c a l c u l a t e d  energy 
r a t i o  and i t s  e r r o r  a t  one and two per iods are presented  in Tables I1 and I11 
f o r  t h e  f i n i t e  d i f f e r e n c e  and t h e  Chebyshev methods, r e spec t ive ly .  The 
convergence of t h e  f i n i t e  d i f f e r e n c e  method i s  quadra t i c .  The convergence of 
t h e  Chebyshev method i s  dramatic:  the N = 3 2  s p e c t r a l  r e s u l t s  are f a r  b e t t e r  
t han  N = 256 f i n i t e  d i f f e r e n c e  r e s u l t s  (and took less CPU t ime) .  The e r r o r  
f o r  t h e  N = 64 Chebyshev case is  dominated by t i m e  d i s c r e t i z a t i o n  and 
non l inea r  e f f e c t s .  
The s p e c t r a l  r e s u l t s  were a l l  ob ta ined  w i t h  a t ime-step corresponding t o  a 
mean streamwise CFL number of 0.025 and wi th  a n  e x p l i c i t  t rea tment  of 
advect ion.  Such a s m a l l  t ime-step is necessary f o r  accuracy purposes. 
S t a b i l i t y  problems over  two per iods  only arise f o r  CFL numbers above 0.30. 
The advantage of t h e  c a p a b i l i t y  of the  a lgor i thm t o  t r ea t  t h e  mean advec t ion  
i m p l i c i t l y  arises i n  c a l c u l a t i o n s  wi th  h igher  s p a t i a l  r e s o l u t i o n .  An example 
i s  provided  by c a l c u l a t i o n s  f o r  t h i s  same tes t  problem u s i n g  16 F o u r i e r  modes 
r a t h e r  t h a n  4. The s e m i - i m p l i c i t  advect ion v e r s i o n  of t h e  a lgo r i thm i s  s t a b l e  
f o r  CFL numbers as l a r g e  as 1. However, t h e  accuracy s u f f e r s  f o r  such l a r g e  
t ime-steps.  
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5. DISCRETIZATION FOR EXTERNAL BOUNDARY LAYERS (0 < y < q ) m 
This numerical method may a l s o  be app l i ed  t o  a model of t h e  e x t e r n a l  
boundary layer. I n  o r d e r  t o  use  p e r i o d i c  boundary cond i t ions  i n  t h e  
s t r eanwise  d i r e c t i o n ,  one mst make t h e  p a r a l l e l  f low assumption, i.e., f i x  on 
some re fe rence  l o c a t i o n  i n  a s p a t i a l l y  growing boundary l a y e r  and use  t h e  
corresponding mean v e l o c i t y  p r o f i l e  a t  a l l  x. One uust then  set t h e  mean 
v e r t i c a l  v e l o c i t y  t o  z e r o  and make a minor adjustment  t o  t h e  mean streamwise 
p res su re  g rad ien t  t o  achieve  para l le l  flow. 
A s t r e t c h i n g  t ransformat ion  can  be a p p l i e d  i n  t h e  (unbounded) v e r t i c a l  
d i r e c t i o n .  L e t  
1 + S  y = a- 
b - S  
where y is  t h e  phys ica l  v e r t i c a l  coord ina te ,  6 is  t h e  computat ional  
coord ina te  and a and b are cons t an t s .  Let qm be t h e  upper boundary i n  
t h e  phys ica l  p lane  and set  
Then f o r  any cho ice  of t h e  s c a l i n g  parameter a ,  t h e  computat ional  coord ina te  
5 f a l l s  w i th in  t h e  s t anda rd  Chebyshev i n t e r v a l  [-1,1]. Der iva t ives  i n  t h e  
v e r t i c a l  d i r e c t i o n  are eva lua ted  by m l t i p l y i n g  t h e  Chebyshev c o l l o c a t i o n  
d e r i v a t i v e  i n  5 by t h e  Jacobian  of t h e  t r ans fo rma t ion ,  i.e., 
The necessary mod i f i ca t ions  t o  Eqs. (2 .7)  t o  (2.12) are s t r a igh t fo rward .  
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A number of cho ices  are a v a i l a b l e  f o r  t h e  numerical  boundary c o n d i t i o n  a t  
TI-. The s i m p l e s t  i s  t o  r e q u i r e  t h a t  t he  s o l u t i o n  a t  y = TI, correspond t o  
t h e  flow a t  i n f i n i t y .  This i s  accomplished by s e t t i n g  ^u a t  y = TI, f o r  
k = 0 equa l  t o  t h e  f r e e  stream v e l o c i t y  and s e t t i n g  a l l  o t h e r  v e l o c i t y  
A 
components t o  zero. Another approximation was used by F a s e l  [16] i n  h i s  
f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s  of t h e  boundary l a y e r :  
These two a l t e r n a t i v e s  w i l l  be r e f e r r e d  t o  below as t h e  zeroth-order  and 
f i r s t - o r d e r  boundary c o n d i t i o n s ,  r e spec t ive ly .  
The f i n i t e  d i f f e r e n c e  p recond i t ion ing  m a t r i x  i s  s t r a igh t fo rward .  Both 
types  of upper boundary cond i t ions  l e a d  t o  a block t r i d i a g o n a l  s t r u c t u r e  f o r  
H (which does  n o t  appear  t o  r e q u i r e  p ivo t ing ) .  The e igenva lues  f o r  t h e  pre- 
condi t ioned matrix are i l l u s t r a t e d  i n  Figure 6. The g r i d  has  K = 32, N = 16,  
and t h e  Reynolds number (u-') i s  7500. Three d i f f e r e n t  CFL numbers (0.01, 
0.1, 1.0) are checked and t h e  e f f e c t  i s  found t o  be n e g l i g i b l e .  The eigen- 
va lues  do tend t o  become widely apa r t  w i th  i n c r e a s i n g  TI,. For f a s t  
convergence, t h e r e f o r e ,  one would l i k e  t o  impose t h e  f r e e s t r e a m  boundary 
c o n d i t i o n s  a t  as  small TI, as poss ib l e .  Represen ta t ive  convergence h i s t o r i e s  
of t h e  MR method f o r  t h e  boundary l a y e r  case are shown i n  F igu re  7. Boundary 
c o n d i t i o n s  are imposed a t  n, = 10 and 20. Both t h e  z e r o t h  and f i r s t - o r d e r  
boundary c o n d i t i o n s  are used and t h e  convergence i s  found t o  be s i g n i f i c a n t l y  
f a s t e r  i n  t h e  la t ter  case. The physical  r e s u l t s  t o  be p re sen ted  become 
i n s e n s t i v e  when t h e  L1 norm i s  smaller t h a n  
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we now d e s c r i b e  r e s u l t s  of computations of t h e  evo lu t ion  of small  
d i s tu rbances  i n  f l a t  p l a t e  f low w i t h  no-s l ip  boundary c o n d i t i o n s  a t  t h e  s o l i d  
w a l l .  The i n i t i a l  cond i t ions  are t h e  Orr-Sommerfeld s o l u t i o n  imposed upon t h e  
B l a s i u s  p ro f i l e .  
The p a r t i c u l a r  problem chosen f o r  s tudy  had l.~ = (lSOO)-l, a = .3 and 
w = .lo288548 + i.00249003. The zeroth-order  boundary cond i t ions  were 
imposed a t  q, = 20. The ampli tude parameter E: i s  t aken  t o  be .0001. Four 
Four ie r  s p e c t r a l  modes were used i n  t h e  streamwise d i r e c t i o n .  A l l  runs were 
te rmina ted  a t  t / t O  = 2 where t o  i s  t h e  t i m e  r equ i r ed  f o r  t h e  wave t o  
propagate  through t h e  streamwise g r id .  I n  t h i s  case t o  = 61.0689. 
Resu l t s  analogous t o  those  provided e a r l i e r  f o r  channel  f low are g iven  i n  
Figures  8 and 9 and Tables I V  and V. The N = 32 Chebyshev r e s u l t s  are f a r  
more accu ra t e  t h a n  t h e  N = 256 f i n i t e  d i f f e r e n c e  r e s u l t s  and r equ i r ed  less 
CPU t i m e .  Some a d d i t i o n a l  Fourier-Chebyshev c a l c u l a t i o n s  were performed t o  
assess t h e  upper boundary condi t ions .  The r e s u l t s  a r e  r epor t ed  i n  Table  V I  i n  
terms of the energy e r r o r  a f t e r  two pe r iods .  For nm = 10, f i r s t - o r d e r  
boundary condi t ions  provide a s i g n i f i c a n t  improvement i n  accuracy over  t h e  
zeroth-order ones. A t  nm = 20, hcwever, t h e  improvement i s  marginal. The 
results f o r  f i r s t - o r d e r  boundary c o n d i t i o n s  a t  are p l o t t e d  i n  F igure  
10. S ign i f i can t  improvement f o r  N = 16 can be noted i n  comparison w i t h  
F igure  9 where zeroth-order  boundary c o n d i t i o n s  were imposed a t  
nm = 10 
nm = 20. 
In  order  t o  test t h e  v a r i a b l e  v i s c o s i t y  c a p a b i l i t y  of t h e  numerical  
a l g o r i t h n ,  we a p p l i e d  i t  t o  water boundary l a y e r s  w i t h  w a l l  h e a t  t r a n s f e r .  
The v i s c o s i t y  of water  i s  a s t r o n g  f u n c t i o n  of temperature ,  dec reas ing  wi th  
i n c r e a s i n g  temperature.  Thus, h e a t i n g  of water boundary l a y e r s  has  a 
s t a b i l i t y  e f f e c t .  We used t h e  empi r i ca l  t empera ture-v iscos i ty  formula g iven  
i n  [171.  
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An Orr-Sommerfeld equa t ion  f o r  incompressible  flow t o  inc lude  t h e  e f f e c t  
of v i s c o s i t y  can  be de r ived  as i n  [18] by n e g l e c t i n g  temperature  per turba-  
t i o n s .  This equa t ion  has  been solved t o  p rov ide  i n i t i a l  cond i t ions  f o r  t h e  
N a v i e r S t  okes code which a l s o  n e g l e c t s  t h e  t empera tu re  pe r tu rba t ion .  The f r e e  
stream temperature  is  assumed t o  be 293' K and t h r e e  wal l - to-freestream 
temperature  r a t i o s  were examined: Bw/Bol, = 1.1, 1.0, 0.9. The r e s u l t i n g  
v i s c o s i t y  d i s t r i b u t i o n s  c a l c u l a t e d  a r e  p l o t t e d  i n  Figure 11. The f r e e s t r e a m  
The Orr-Sommerfeld -1 Reynolds number (1,) = 10000 and a = 0.15. 
e igenva lues  and t i m e  pe r iods  f o r  t h e  t h r e e  cases are g iven  i n  Table 
VII. The Navier-Stokes s o l u t i o n s  f o r  t h e  t h r e e  temperature r a t i o s  are 
p resen ted  i n  F igu re  12. The s o l u t i o n  h a s  been obtained w i t h  f i r s t - o r d e r  
boundary c o n d i t i o n s  imposed a t  'I, = 20 and u s i n g  N = 32. In each case 500 
t i m e  s t e p s  were used t o  reach t / tO = 2. The s o l i d  l i n e  i n  each case 
r e p r e s e n t s  t h e  t h e o r e t i c a l  r e s u l t s .  While t h e  growth rates are v a s t l y  
d i f f e r e n t  f o r  t h e  t h r e e  cases, t h e  c a l c u l a t e d  r e s u l t s  are i n  good agreement 
wi th  t h e  theory.  The c a l c u l a t e d  energy r a t i o s  and e r r o r s  are g iven  i n  Table 
VIII. 
Bol, 
( t o )  
In F i g u r e  12, a s t r o n g  s t a b i l i z a t i o n  e f f e c t  may be noted when t h e  wall-to- 
f r e e s t r e a m  temperature  r a t i o  8w/Boo is  inc reased  from 1 t o  1.1. These 
c a l c u l a t i o n s  were performed w i t h  E = .0001 u s i n g  f o u r  F o u r i e r  s p e c t r a l  modes 
i n  t h e  streamwise d i r e c t i o n .  In o r d e r  t o  s tudy  t h e  e f f e c t  of n o n l i n e a r i t y ,  w e  
have recomputed t h e  case  u s i n g  e i g h t  Fourier  s p e c t r a l  modes i n  
t h e  streamwise d i r e c t i o n  f o r  E = .0001, .01, .03, .05. The r e s u l t s  are 
p resen ted  i n  F igu re  13  a long  w i t h  t h e  l i n e a r  Orr-Sommerfeld s o l u t i o n .  It can 
be seen  t h a t  t h e  energy rate i n c r e a s e s  wi th  i n c r e a s i n g  p e r t u r b a t i o n  amplitude 
BW/B, = 1.1 
E. A thorough set  of two-dimensional and three-dimensional f i n i t e  amplitude 
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r e s u l t s ,  produced by t h e  l a t t e r  two au tho r s  in c o l l a b o r a t i o n  w i t h  D. Bushnel l ,  
w i l l  be  presented  elsewhere. 
6. CONCLUDING REMARKS 
A Four ie rChebyshev  spectral  method f o r  t h e  s o l u t i o n  of t h e  incompress ib le  
Navier-Stokes equat ions  has  been presented .  This f u l l y  s p e c t r a l  method i s  
a p p l i c a b l e  t o  both  t h e  i n t e r n a l  and e x t e r n a l  boundary l a y e r s  w i th  v a r i a b l e  
v i s c o s i t y .  The method uses  Chebyshev polynomials i n  t h e  v e r t i c a l  d i r e c t i o n  
and Four i e r  s p e c t r a l  c o l l o c a t i o n  i n  t h e  h o r i z o n t a l  d i r e c t i o n .  The c o n t i n u i t y  
and momentum equat ions  are solved as a se t  of coupled equat ions  wi thout  
s p l i t t i n g .  A s t agge red  g r i d  i s  employed in t h e  v e r t i c a l  d i r e c t i o n  s o  t h a t  no 
numerical p ressure  boundary cond i t ions  are needed. The r e s u l t i n g  i m p l i c i t  
e q u a t i o n s  a r e  so lved  by a precondi t ioned  i t e r a t i v e  technique. The a lgor i thm 
has been subjec ted  t o  ex tens ive  t e s t i n g  by applying i t  t o  problems in 
hydrodynamic s t a b i l i t y  in channel  flow and e x t e r n a l  boundary layers wi th  
cons t an t  and v a r i a b l e  v i s c o s i t y .  The r e s u l t s  ob ta ined  wi th  33 Chebyshev 
polynomials a re  found t o  be much more a c c u r a t e  and r e q u i r e  less CPU t i m e  t han  
when 257 f i n i t e  d i f f e r e n c e  g r i d  p o i n t s  are used. 
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Table I. Preconditioned Eigenvalues for One-dimensional 
First Derivative Hodel Problem 
Precondi t ioning Eigenvalues 
~~ ~ 
Cent ra l  Differences 
High Mode Cutoff 
One-sided Di f f e rences  
Staggered Grid 
Ax 
.sin0 
-i( Ax/2) A x/2 e 
sin( (aAx) /2)) 
(Ax) /2 
27 
Table 11. aannel FourierPinite Difference Convergence 
1 period 
N E f / E o  I calc. Ef /EO I error 
16 -31369085 -.80526006 
.59348926 -. 5 2546 165 3 2  
64 .93539768 -.18355323 
128 1.06837752 -. 0 5057 339 
256 1.10598936 -.01296155 
N 
2 periods  
E f h l  calc. 
~~~ 
16 
32  
64 
128 
256 
~~~~ ~~~~~~~ 
.45883275 
.26725477 
.8 164 1093 
1.12221673 
1.21820807 
~~ ~~ 
-.79321839 
-.98479637 
-.43564021 
-. 12983441 
-.03384307 
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Table 111. Channel Fourier - Chebyshev Convergence 
1 Deriod 
16 
32 
64 
1 A7188803 
1.11912239 
1.11896735 
~~ 
.05293712 
.00017 148 
.OOOO 1644 
N 
2 pe r iods  
Ef/Eo I calc. 
16 
32 
64 
2.07329163 
1.25291992 
1.25214542 
0.82124050 
.00086879 
.00009429 
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Table IV. Boundary Layer FourierPinite Difference Convergence 
1 period 
E f / E o  Icalc. 
32 
6 4  
128 
256 
1.4144405 
1.2294246 
1.3213179 
1.34699412 
0.05899918 
-0.12601673 
-0.03412346 
-0.00844721 
2 Deriods 
N I calc. 
32 
64 
128 
256 
4.4395339 
1.5376562 
1.7 459684 
1.8144658 
2.6023126 
-0.29956505 
-0.09125289 
-0.02275544 
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Table V. Boundary Layer Fourier - Chebyshev Convergence 
N 
16 
32 
64 
1.2760938 
1.3554140 
1.3554399 
-0.07934649 
0.0000263 
-0.00000040 
N 
16 
32 
64 
1.3200385 
1.8376986 
1.8372536 
-0.51718473 
0.00048000 
0.00003501 
3 1  
Table V I .  Effect of TI, and Top Boundary Condition 
%/Eo I e r r o r  
N 'la = 10 Tl, = 20 
0 th  o r d e r  1 s t  orde r  0 th  o r d e r  1 s t  o r d e r  
~ ~~~ 
16 -0.21312422 0.16289710 -0.51718473 -0.52723330 
32 -0.09173191 0.00023775 0.00048000 0.00021268 
Table V I I .  OrrSomPerfeld Solution for Water Boundary Layer 
w i t h  Wall Heat Transfer (a = 0.15, (p,) -1 = 10000) 
w 
1.1 
1.0 
0.9 
0.02872049 + i 0.00020520 218.7701 
0.03386607 + i 0.00343206 185.5303 
0.03445962 + i 0.01259238 182.3347 
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Table VIII. NavierStokes Solution for Water Boundary Layer with 
Wall Heat Transfer (ymax = 20, N = 32, 1 s t  o r d e r  B.C.) 
1 per iod  
Owl%l Ef/Eo I calc. Ef/Eo I e r r o r  
1.1 1.0946078 0.00067076 
1.0 3.5 720516 -0.00127094 
0.9 99.374109 0.67521093 
2 Deriods 
1.1 1.1972253 0.00052696 
1.0 12.7 57289 -0.0 11 34543 
0.9 987 1.3827 129.91024 
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Figure Captions 
A 
Figure 1. A p l o t  of k = 1 channel flow e igenvalues  of t h e  precondi t ioned  
m a t r i x  H-l L f o r  f o u r  f i r s t  d e r i v a t i v e  t rea tments .  I n  t h i s  case 
-1 p = 7500, CFL = 0.1, N = 16, and K = 32. 
A 
Figure  2. A p l o t  of k = 10 channel  f low e igenvalues  of t h e  precondi t ioned  
m a t r i x  H-l L f o r  f o u r  f i r s t  d e r i v a t i v e  t r ea tmen t s  I n  t h i s  case 
-1 p = 7500, CFL = 0.1, N = 16, and K = 32. 
Figure  3. Convergence h i s t o r y  of t h e  minimum r e s i d u a l  method f o r  t h e  channel  
f low problem (p-' = 7500). 
Figure 4 .  Computed p e r t u r b a t i o n  energy r a t i o  f o r  channel f low problem 
(p-' = 7500). A F o u r i e r  s p e c t r a l  method i n  x and a second-order 
f i n i t e  d i f f e r e n c e  method i n  y are used. Resu l t s  are shown f o r  a 
f o u r  po in t  g r i d  i n  x and f o r  va r ious  g r i d s  i n  y. The s o l i d  
l i n e  i s  t h e  c o r r e c t  r e s u l t .  
Figure 5 .  Computed p e r t u r b a t i o n  energy r a t i o  f o r  channel f low problem 
(p-' = 7500). A F o u r i e r  s p e c t r a l  method i n  x and a Chebyshev 
spectral  method i n  y are used. R e s u l t s  are shown f o r  a f o u r  
poin t  g r i d  i n  x and f o r  v a r i o u s  g r i d s  i n  y .  The s o l i d  l i n e  i s  
t h e  c o r r e c t  r e s u l t .  
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Figure 6 .  A p l o t  of t h e  eigenvalues  of t h e  precondi t ioned  matrix €I-' L f o r  
a n  e x t e r n a l  boundary l a y e r  u s i n g  t h e  s t agge red  gr id .  I n  t h i s  
case, p = 1500, N = 16, and K = 32.  Zeroth-order boundary 
cond i t ions  are imposed a t  11,. 
-1 
Figure 7. Convergence h i s t o r y  of the  minimum r e s i d u a l  method f o r  t h e  
boundary l a y e r  problem. Ze roth-order boundary cond i t ions  are  used 
i n  t h e  p a r t s  of t h e  f i g u r e  on t h e  lef t -hand s i d e  and f i r s t - o r d e r  
cond i t ions  i n  p a r t s  on t h e  right-hand s ide .  
Figure 8. Computed p e r t u r b a t i o n  energy r a t i o  f o r  t h e  boundary l a y e r  problem 
w i t h  cons t an t  v i s c o s i t y  (p-' = 1500). A F o u r i e r  s p e c t r a l  method 
i n  x and a second-order f i n i t e  d i f f e r e n c e  method i n  y are 
used. Resu l t s  are  shown f o r  a four-point  g r i d  i n  x and va r ious  
g r i d s  i n  y. The s o l i d  l i n e  is t h e  c o r r e c t  r e s u l t .  
F igu re  9. Computed p e r t u r b a t i o n  energy r a t i o  f o r  t h e  boundary l a y e r  problem. 
A Four ie r  s p e c t r a l  method i n  x and a Chebyshev spectral method 
i n  y are used. Resu l t s  a r e  shown f o r  a four-point  g r i d  i n  x 
and va r ious  g r i d s  i n  y. The s o l i d  l i n e  is  t h e  c o r r e c t  r e s u l t .  I n  
t h i s  case, zeroth-order boundary cond i t ions  are  imposed a t  
rl, = 20. 
Figure  10. Computed p e r t u r b a t i o n  energy r a t i o  f o r  t h e  boundary l a y e r  problem. 
A Four ie r  s p e c t r a l  method i n  x and a Chebyshev spectral  method 
i n  y are used. R e s u l t s  are shown f o r  a four-point  g r i d  i n  x 
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and two d i f f e r e n t  g r i d s  i n  y. The s o l i d  l i n e  is  the  c o r r e c t  
result. I n  t h i s  case ,  f i r s t - o r d e r  boundary cond i t ions  are imposed 
a t  nm = 10. 
F igure  11. V a r i a t i o n  of v i s c o s i t y  f o r  a water boundary layer  wi th  and wi thout  
w a l l  hea t  t r a n s f e r  (em = 293' K) .  
F igure  12. Computed p e r t u r b a t i o n  energy r a t i o  f o r  a water boundary l a y e r  
(pm = 10000) us ing  a Fourier-Chebyshev spectral  method. The 
results shown are  f o r  a four-point  g r i d  i n  and a 33 poin t -gr id  
i n  y. 0 /em = 1.1, 1.0, 0.9 p e r t a i n  t o  w a l l  hea t ing ,  no h e a t i n g  
and w a l l  coo l ing  r e s p e c t i v e l y .  The s o l i d  l i n e s  are t h e  c o r r e c t  
resul ts .  
-1 
x 
W 
F igure  13. Computed p e r t u r b a t i o n  energy f o r  a water boundary l a y e r  
(p i1= 10000, e /em = 1.1). The r e s u l t s  are shown f o r  va r ious  
i n i t i a l  p e r t u r b a t i o n  ampli tudes t o  i n d i c a t e  t h e  e f f e c t  of 
n o n l i n e a r i t y  and were computed by us ing  an e ight -poin t  g r i d  i n  x 
and a 33-point g r i d  i n  y.  The s o l i d  l i n e  i s  t h e  l i n e a r  r e s u l t .  
W 
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